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^ \ We investigate the thermodynamical features of two Lorentzian signature backgrounds that 

arise in string theory as exact CFTs and possess more than two disconnected asymptotic 
regions: the 2-d charged black hole and the Nappi-Witten cosmological model. We find 
multiple smooth disconnected Euclidean versions of the charged black hole background. 
They are characterized by different temperatures and electro-chemical potentials. We show 
that there is no straightforward analog of the Hartle-Hawking state that would express 

, . these thermodynamical features. We also obtain multiple Euclidean versions of the Nappi- 

\-{ ' Witten cosmological model and study their singularity structure. It suggests to associate 



a non-isotropic temperature with this background. 
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1. Introduction 

General Relativity (GR) as a low energy theory of gravity suffers from several prob- 
lems. Perhaps some of these problems can be resolved in a more complete theory of 
gravity. String theory is an attempt to construct such a theory. At low energies string 
theory should however reduce in many ways back to GR and thus may well face itself 
those problem plaguing low energy gravity. It seems that if string theory does play a role 
in fixing problems in gravity it will do it by adding a "twist" to GR - a new point of view 
that could have been in principle envisaged already in a GR framework. 

The addition of massless particles motivated by string theory does help in resolving 
some of the central problems in GR, such as those related to the presence of singulari- 
ties. Another manner in which string theory can influence GR is by enlarging the portion 
of space-time arena which one would need to probe. For example, the Lorentzian un- 
charged black-hole string background contains two disconnected static regions, which we 
shall somewhat loosely call boundaries. There is also a region between the horizons and 
the singularities. A charged black hole (CBH) in GR has an inner horizon, an outer hori- 
zon and a time-like singularity |]1|]. A CBH obtained from string theory has in addition 
asymptotic regions that extend beyond its time-like singularities [|| . A similar enlargement 
occurs in the case of exact string backgrounds that describe a closed cosmology. There 
one is led in string theory to a picture in which the closed cosmology is embedded within 
static non-compact regions called "whiskers" 0. 

What is common to all these Lorentzian examples is that they have two or more 
asymptotic regions 0,|],3. In string theory it is natural to study these extended space- 
time regions. It turns out that one can calculate the scattering matrix for waves to pass 
from the whiskers through the big bang/big crunch space-like singularities 0,^ as well 
as beyond the time-like CBH singularities PJ^]. All these calculations do not take into 
account the possible back reaction which in other cases have shown to be fatal [^J^ (for 
a more complete list of references see [|[). In fact, one usually expects that back reaction 
will eventually detach the regions of space-time beyond a big crunch singularity as well as 
those regions beyond a CBH's singularity. Actually, one would expect already the regions 
beyond its inner horizon to decouple @,10|; see however [11|. 



String theory could assist in evaluating the actual role of back reaction if/once a 
holographic description is found. In its absence, another way to assess the importance 
of back reaction could be addressed by considering the appropriate Euclidean version 
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of the system [12|. Once the propagation on such a background is found to be free of 
singularities, one may investigate the manner in which the more elaborate Lorentzian 
structure is encoded in the Euclidean one. One may also attempt to determine the extent 
to which it can be used to detect effects of singularities. 

In the case of an uncharged AdS black hole it has been shown that the effect of 
having two Lorentzian boundaries is equivalent to having a system with an entangled 
pure state [^14|. This is encoded in the Euclidean version through the emergence of 



thermodynamical properties such as the temperature of the black hole. Such properties 
are not associated with a usual vacuum state. 

In this note we wish to investigate the thermodynamical properties of Euclidean ver- 
sions of Lorentzian systems that have more than two asymptotic regions. It could be that 
in the presence of horizons such cases can be described by pure entangled states. It may 
also turn out that such systems posses more than one Euclidean version. 

In section 2 we discuss the Euclidean versions of two-dimensional CBHs corresponding 
to exact quotient CFTs. These systems have various boundaries separated by both an outer 
(event) and an inner (Cauchy) horizon. We find them to have two Euclidean versions, each 
with its own associated temperature [jl^, specific heat and electro-chemical potential. The 



electro-chemical potential is related to the value of a Wilson loop. We further discuss 
a Lorentzian derivation of the temperatures associated with the two different Euclidean 
versions. 

In section 3 we investigate the quantization of a scalar field in the extended 2-d CBH 
background. We describe an attempt to find a simple generalization of the Hartle-Hawking 
state for the extended CBH - a system which a priori has at least four asymptotic regions. 
We show, under certain assumptions, that a class of such states does not exist. 

In section 4 we discuss the Euclidean version of a cosmological example in which 
there are several Lorentzian boundaries separated by big bang/big crunch singularities 



and not by horizons [pi)i |3||. This is also an exact coset CFT which describes a cosmology 
with whiskers. We obtain its Euclidean version by analytic continuation, and discuss its 
singularity structure as well as possible non-isotropic thermodynamical properties. The 
same answer is also obtained by doing a Euclidean coset. 

In appendix A we extend the discussion of the relation between the value of a Wilson 
loop and the value of the chemical potential conjugate to angular momentum in Kerr black 
holes. In appendices B, C we elaborate on the tools used in the discussion of quantization 
of a scalar field in the CBH background. 



2. Charged 2-d black holes 

2.1. Lorentzian charged 2-d black hole - a review 

A class of charged 2-d black hole backgrounds arising from coset CFT's was recently 
studied in [||. One begins with a three-dimensional background arising by gauging [^ a 
WZW model 5'L(2,1R) x U{1) by a non-compact U{1) subgroup. The gauge group action 
can be chosen as f^ 

(5, XL, xr) ^ (e^'^^/^^e^'^^/^, XL + p, XR + t'). (2.1) 

Here g G S'L(2,1R), x G U{1) and A; > is the 5'L(2,1R) level. Picking a single non- 
anomalous U{1) gauge group can then be achieved by imposing the constraints 

P = i?r, (2.2) 

where r = (r, r'), p = (p, p'), and R is an 5*0(2) matrix 

^^fcos{^) sin(V;)\ _ ^2.3) 



In addition to (|2.2|) we set 

r = |T|(l,0). (2.4) 

Gauging with respect to the so defined U{1) defines a family of coset CFT's — ^ '^}^ — — 
labelled by the angular parameter ip. The metric and dilaton backgrounds can be obtained 
from the gauged WZW model action by fixing the gauge and then integrating the gauge 
fields out in the path integral. One can further perform a Kaluza-Klein (KK) reduction 
along the x-direction using the facts that the x direction can be chosen relatively very 
small and that in the large k limit, which is of interest to us, low energy gravity is a 
good approximation. Upon the KK reduction one obtains a background describing a two- 
dimensional CBH. The corresponding Penrose diagram contains six basic regions that are 
periodically repeated in the maximally extended solution. 

We will concentrate on the two static regions that are analogs of the regions outside the 
outer and and beyond the inner horizons in the four-dimensional Reissner-Nordstrom (RN) 
solution. A smooth region, to which we will refer to as a region of type A, is represented 
on the Penrose diagram (Fig. 1) by the union of regions 1 and 1' while a region containing 




Figure 1: Penrose diagram of the 2-d charged black hole. 

the singularity, to be referred to as type C region, is represented by the union of regions 2 
and 2'. We parameterize the corresponding regions in 5'L(2,IR) by 



9a = e 



i(2 + J/)(T3 eCTl i(2-y)(J3 



'e ^e 



9c ^e 



\{z+y)<T3^e(T-i_^^^^\{z-y)ao, 



(2.5) 



where the coordinates 6, z and y here range from — oo to +oo, and fix the gauge by setting 
z = (which fixes the gauge completely since z is a non-compact direction in 5'L(2,1R)). 
The background values of the metric in these two regions were found in P] to be 



Region of type A : —ds^ 

k 



d9' 



coth2(6') 



(coth'(6')-p2)2 



dy' 



(2.6) 



Region of type C : f (is^ = dO'^ - - — ^ ^,^, ^.^ dy^ 
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(tanh^(^)-p 



2^2 



where 



/=tan2(^) . 



(2.7) 
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For an arbitrary value of p {ip) one of the two regions contains a time-like singularity line on 
which the Qyy component of the metric blows up. Assuming for definiteness < i/^ < 7r/2, 
that is p2 < 1, we have a singularity in region C and a smooth region A. The dilaton and 



U{1) gauge field backgrounds reac 



Region of type A : $ =$0 ^ 7 log ( " + sinli^(6') 



4^°^(r^^'^'"'~'' 



_ Vkp 

Ay 



(2.9) 



p2-cotll^(^) 

1/1 2 

Region of type C : $ =$0 ~ 7 log I ^ ~ cosh (9) 



A 



Vkp 



(2.10) 



y 1 „9„„4-u2/ 



l-p2coth^(^) 

Here $0 is a constant and the dilaton background value is normalized so that Qs = e^ . 

The usual metric of the 2-d CBH (in Schwarzschild-like coordinates) is obtained by 
the following coordinate transformation (in regions of type A) : 

t = -^, r = ^^. 2.11 



In terms of r and t the metric and gauge field are 

lds2 ^ -/(r)rft2 + ^_ , ..^_ 



^ds' = -f{r)dt^ + 4^.^ ^t = #, (2.12) 



where 

/W^l-^ + ^. (2.13) 

The parameters M and Q are related to p and $0 as follows 

-2$o 1 I „2 2p~2*o „ 

V A: 1 - P^ VA; 1 - p^ 

The singularity is located at r = 0. The horizons are located at 

r±^M± ^/M^ - Q2 . (2.15) 

Note that 

p"^ = — . (2.16) 

r+ 

The ADM mass and charge observed from the asymptotic infinity of regions 1 and 1' are 
M and Q, while the ones observed from regions 2 and 2' are —M and Q. 



Here and below the gauge field is normalized so that its contribution to the effective action 



2.2. Euclidean charged 2-d black hole background 

The Euclidean 2-d charged black hole (CBH) is given by gauging a time-like U{1) in 
S'L(2,IR) X U{1), where (~) stands for the universal cover group. The group action is 

{g, XL, xr) ^ (e^P-^/^ge^r^'^^/^, XL + VP, XR + r') , (2.17) 

where r = |r|(l,0), rj = 1 corresponds to axial type gauging and r^ = — 1 to the vectorial 
one. The anomaly cancellation condition now implies 

p = Rr (2.18) 

with 

^^/cosh(^^) sinh(V;^)y 

In global coordinates, g G 5'L(2,1R) is represented as follows 

^^g|(x+<^)<T2ge<Tigi(x-<^)<T2 _ (2.20) 

To get a smooth quotient geometry we need to gauge the universal cover of 5'L(2,1R) 
(S'L(2,IR)), which is obtained by unwrapping the coordinate x- We fix the gauge by 
setting X = 0. a As in the Lorentzian case, we do a KK reduction of the three dimensional 
coset along the compact x direction. We obtain the following two dimensional metric, 
dilaton and gauge field: 

U^^ = d9' + ^^iLM^rf<^2 (2.21) 

k (coth2(^)+p|'')2 ^ ' ^ ^ 

$ = $0 - 1 log(p^''cosh2(^) + sinh2(^)), (2.22) 

The Euclidean time variable (p has a canonical periodicity 27r. a The parameter p^ equals 

pI = tanh^ (^) (2.24) 



If instead we fix the gauge by setting cj) = 0, we remain with a residual discrete identifications 



as m 
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If we gauge a finite cover of 5L(2, M), instead, we obtain an orbifold of ( p.21| ) with a conical 
singularity at 6 = 0. 
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Figure 2: Euclidean charged black hole. 



-1, develops a bump at coth {Ob 



This geometry looks like an infinite cigar which, for rj ■ 
1/pI (see Fig. 2). 

This Euclidean geometry ( |2.21|) is obtained from the Lorentzian one (|2.6[) by the 
following Wick rotations: 

Region A (r? = 1) : y ^ i(j) , tp ^ itpE {p^ -^ 

Region C (?? = -1) : y ^ ip^cf) , ip -^ iipE {p^ 



-v\) 



-v\) 



(2.25) 



The Euclidean metric of region A then arises from the axial gauging (77 = 1) while the one 
of region C from the vectorial gauging (77 = —1). The corresponding Euclidean CFT's are 
related to each other by a T-duality that acts as 

T : '^E ^—>- in ~ ipE 
and exchanges an axial type gauging with a vectorial one B. Under this transformation B 

T-pI^I/pI {r+^r_). (2.26) 

From the above Euclidean metrics we read off the asymptotic radii of the Euclidean time 
direction cf): 



R\{e -^ 00) 



k 



[i+pir 



Rl;{9 -^ 00) 



kp% 



[i+pir 



(2.27) 



The vector-axial symmetry can be manifested for example by an element of 0(2, 2, 2) (for 
a review, see ||l^ ) together with a certain orbifolding in the case VkpE G 2- The orbifolding is 
expected to be a symmetry of the CFT as for compact parafermions. 

Note that in the analytic continuation to Minkowski space the T-duahty transformation 
involves in addition to tj^ >-^ tt — tp a rescaling of the y coordinate by p^ which is a valid operation 
because y is noncompact in that case. This rescaling results from changing the gauge fixing in 
(U) from z = Otoy = 0. 



This suggests that the temperatures 



Ta =- — ^=={l-p - 



Tc 



1 (1 — p^) 1 r_|_ — r 



2, ... (2-28) 



2'n^~olk V^ 2'K^~olk 



should be associated with the respective static regions in the Minkowski space-time. Here 
we have restored the dimensionfuU unit - the string length scale vc? - using the fact that 

When we take the uncharged limit p, Pe ^ (equivalently, when the inner horizon 
coincides with the singularity r_ ^0), the Euclidean metric outside the black hole event 
horizon becomes (see eq. ( |2.21|) with r\ = \\. 

\ds^ = de^ + tanh^ (e)d(P^ . (2.29) 

k 

The temperature of the uncharged black hole, as read from ( |2.29D , ( J2.28D , is Ta — 
(27rva^)~^. On the other hand, the p, pe -^ limit of the region beyond the singu- 
larity is degenerate (see eq. ( p.21| ) with rj = —1): 



^ds^ -> de^ + pi:Coth^(e)d(p'^ , pe ^ . (2.30) 

k 

This background is ill defined for two reasons. First, formally, the radius of the Euclidean 
time direction (p vanishes as pe approaches zero (which implies, in particular, Tc — > C)o). 
Second, there is a curvature singularity at 6* = 0. Hence, the temperature Tc associated 
with the region beyond the singularity is ill defined in the uncharged limit - there is no 
horizon and no straightforward way to define a smooth Euclidean continuation of the region 
beyond the singularity of the uncharged black holeQ. This result is perhaps compatible 
with the expectation [^,|2|J^] that in the uncharged case the singularity (as seen from 



Note that when Pe = and rj = —1, x cannot be changed by a gauge transformation and 
hence x = cannot be fixed in ( |2.2CI| ). Instead, one can fix the gauge by setting (p = 0. The 
metric one gets is: ^ds'^ = dO^ + coi\<?{6)d\^ . If, for instance, we gauge 5L(2, IR) instead of 
SL{2, IR) then x is compact with periodicity 27r, and this background looks like a trumpet [19,20| 
which degenerates at 9 = and with asymptotic radius RoolyoU = yk. But in any case, since 
there is no tip and hence no conical defect, it is not well defined a priori which is the appropriate 
Euclidean background obtained by the Wick rotation of the region beyond the singularity of the 
uncharged black hole l2l],||,|l|,|^,|l|] . 



the asymptotically flat region behind it) is (classically) a perfect reflector and hence the 
low energy physics beyond the singularity cannot communicate with any other region; in 
particular, this suggests that there is no entanglement between regions 2 and 2'. 

The emergence of a compact dimension in the presence of a gauge potential suggests 
that a thermodynamical characteristic could be attributed to the value of a Wilson loop 
around the compact direction (see [^ for different view on the same point). In search for 
such a meaning one notes that another thermodynamical characteristic of the CBH is its 
electric chemical potential. Adding a charge q point-like particle at rest in the black hole 
frame at 9q corresponds to adding a charge density^ 



which contributes to the Euclidean action 



j d^xV^J^'A^ = -qj dM^iOo) . (2.31) 



If (following p^ , p5| , |26[] ) we identify the value of the action on the equations of motion with 
the thermodynamical free energy 

i 

then the Wilson loop ( |2.31J ) at inflnity is given by 

W = expl(b d(j)A^{e ^ oo) J = exp(/?//ei) ■ (2.32) 

In the Lorentzian geometry the value of the gauge field at infinity could have assumed 
ab initio any value; different values are related by large gauge transformations. In the 
Euclidean geometry the angular part of the vector field A^ (which is A^) has to vanish 
at the tip of the cigar 9 = 0. This Euclidean regularity condition at the tip dictates a 
particular non- vanishing constant value of A^ at infinity. The value obtained is the same 
one obtained from the Euclidean coset, 

<>(«^oo) = <'(0^=o) = -^. (2.33) 



In general for a point-like particle J'^(x) = q J -^ ^^J^^"^'' dr, where r is its proper time. 

The corresponding contribution to the action is 51 = — J dx ^J —gj^ A^, = —q J -^A^dr, which 
for a particle at rest equals —q<fdy'^Ao{fo). 
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which leads to the foUowing values of the Wilson loops: 



W^ = Wc = e.p{'-:^\ . (2.34) 



Combining (|2.28|) and ( |2.34|) one reads the corresponding chemical potentials: 



I^A = -P = , l^c = - = — , (2.35) 

r_|_ p r_ 



which are in agreement with |2^]. In the Lorentzian space this electro-chemical potential 
is the electric potential on the horizon of the black hole (outer and inner, respectively). 

One can repeat the computation for a RN black hole in an arbitrary dimension d> A. 
When analytically continuing a region outside of the black hole to a compact Euclidean 
geometry the horizon becomes the tip of the (i-dimensional cigaia. Naively, the value of 
Aq at the tip is the electric potential at the horizon, but since A^ is a vector field its 
angular component has to vanish at the tip. We learn that in order to have a non-singular 
gauge field at the Euclidean tip, in the Lorenzian black hole we have to do a large gauge 
transformation which gives a vanishing gauge field at the horizon (which can be done in 
the Lorenzian case) . After the large gauge transformation the gauge field will not vanish at 
infinity anymore (for (i > 4), but instead its value at infinity is minus the electric potential 
at the horizon. After analytic continuation to the Euclidean cigar this asymptotic value 
of the gauge field at infinity leads to a non-trivial Wilson loop. The value of the Wilson 
loop is minus the electric potential at the horizon times the circumference of the compact 
time, which is the inverse black hole temperature. This computation gives the following 
electro-chemical potential for an RN black hole in dimension d> A: 

/^el = dZg • (2.36) 

Requiring a non-singular metric for a Euclidean black hole led to a compact Euclidean 
dimension. Requiring a non-singular gauge field (at the tip) led to a non-trivial Wilson loop 
at infinity. This compact dimension and a non-trivial Wilson loop both reflect the surpris- 
ing feature of black holes - they behave as a ther mo dynamical system. The temperature 
associated with them is encoded in the asymptotic radius of the compact direction and the 



The Euclidean geometry is a cigar-like in the radial and Euclidean time coordinates times a 
{d — 2)-dimensional sphere which shrinks to zero size at the tip. 
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electro-chemical potential is encoded in the asymptotic Wilson loop wrapped around the 
compact direction. In a similar way one can compute the chemical potential for rotating 
particles in a Kerr black hole; this is demonstrated in appendix A. 

Back to 2-d, another thermodynamics characteristic of the 2-d CBH is its entropy. By 
integrating the equations 

where Ea = m|^m = ^ and Ec = MJ^m = -^' ^^ find 

Sa = TtVk r+ , Sc = TtVk r_ . (2.38) 

The heat capacities in regions A and C are read from the relation C = {^) q = T [^) ■ 

Ca = 

' "~ (2.39) 

2 r_|_ 

Note that Sc 7^ Sa (except for the extremal case M = \Q\ (r_|_ = r_)), and Cc 7^ Ca- 
Moreover, Ca is positive while Cc is negative. The quantities Sc and Cc are, however, 
in agreement with T-duality ( |2.26D , which interchanges r_|_ <-i> r_ . 113 



To summarize, low energy observers beyond the singularity see a negative mass object 
with a naked singularity, with a negative specific heat and an entropy which is lower than 
the black hole entropy as seen by an observer outside the event horizon. The interpretation 
of these results is not clear to us, though it is possible that string theory manages to "take 
care of itself" even in such a situation; the agreement between the thermodynamical and 
the T-duality derivations motivates this logical possibility IliJ. 



^° Or, equivalently, M -> -M (recall that r± = \M ± a/M^ - Q'^\). 

T-duality implies that while the correlators of momentum modes on the Euclidean back- 
ground corresponding to region A ( (|2.21 ) with ry = 1) describe, via analytic continuation, the 



physics of momentum modes outside the event horizon of the Lorentzian background, the correla- 
tors of winding modes in A describe instead, via analytic continuation, the physics of momentum 
modes in the region beyond the inner horizon. Alternatively, the latter is described by analytic 
continuation of momentum modes on the T-dual Euclidean background corresponding to region 



C ((2.21) with r] = —1). The mysterious thermodynamical quantities, in the region with rj = —1, 



are obtained from this T-dual Euclidean description. 
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Note that the T-duahty we have been exploiting when comparing the thermodynamical 
quantities is a duahty between Euchdean backgrounds. Thus, a priori it does not have 
to be a true symmetry of the Minkowski signature backgroundE^. However, even if we 
assume it is a symmetry (not relying on a would be thermodynamics of negative mass 
naked singularities) , it is not obvious that the total entropy of the two Euclidean systems 
measures the same thing. If nevertheless the entropy turns out to be T-duality invariant it 
should be expressed in terms of a symmetric function in Sa and Sc, such as for instance 
their sum. This would imply that there is more entropy to the system than seen above in a 
single region. A different possibility, argued in [PS[ , is that the total entropy of the system 



is the (absolute value of the) difference (this result assumed that degrees of freedom do 
not reside beyond the inner horizon). 

2. 3. Minkowski signature computation of the temperatures 

For the model at hand we know explicitly the scalar field (tachyon) wave functions 
in all space-time regions including the type C static region with singularity EJ. The wave 
functions for 2-d CBH as well as a scattering problem set in the region behind the sin- 
gularity were recently discussed in [Q. The wave functions essentially descend from the 
Laplace eigenfunctions on the S'L(2,1R) group manifold. In particular, they are smooth 
on the singularity lines |]^,Q . One can therefore perform an alternative computation of the 
temperatures in regions A and C via Bogolubov transformations relating the analogs of 
Rindler and Minkowski vacua on outer and inner horizons, respectively. A computation 



of this kind was done by Israel in [^ for eternal 4-d black holes. The presence of charge 
does not alter the computation - the essential feature being the fact that the Killing vector 
is globally time-like in a static region on each side of the horizon (see e.g. ||2^). If one 
considers charged particles on the background at hand the corresponding electro-chemical 
potential ( |2.35|) will enter the canonical distribution. Here we are interested mainly in the 
uncharged field case characterized by an Hawking temperature only. The arguments of 
||T^ are then directly applicable to region A or region C separately. 

Let us outline here the ingredients of the computation in [|13|. We consider a static 



region of space-time that consists of two patches: U , U^ - the left and the right wedges 



One could use T-duality along the time-like direction of the Minkowski signature background. 
This T-duality however is known to suffer, in some cases, from various kinds of problems, see 
e.g. 12^. 

At the moment, this is not the case with the 4-d Reissner-Nordstrom solution. 
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Figure 3: Bifurcate Killing horizon. 

separated by a bifurcate Killing horizon. In two dimensions the last one is comprised out 
of two intersecting light rays h+, h~ (see Fig. 3). 

The Killing vector ^ in U~ and U^ is assumed to be everywhere time-like. One con- 
siders then two quantizations in U~ VMJ^ . One is built upon "Killing modes" which are 
defined as energy eigenf unctions of the Klein-Gordon equation as registered by a Killing 
orbit observer in each patch lA^. The corresponding one-particle Hilbert spaces 7i~, Ti"*" 
consist of solutions which are purely negative frequency with respect to Killing time trans- 
lationscj. Thus the second quantized Fock space defined by Killing time modes can be 
written as a direct product 

The corresponding vacuum |0)_ ® |0)_|_ is an analog of the Boulware vacuum of an extended 
Schwarzschild solution. In the other quantization an analog of the Hartle-Hawking vacuum 
\HH) is defined via Klein-Gordon eigenfunctions whose restrictions on the light rays h+, 
h~, comprising the horizon, contain positive frequency modes with respect to the afRne 



parameters along the rays. It follows from a standard computation [|T3| of Bogolubov coef- 
ficients relating the two quantizations that the Hartle-Hawking vacuum can be represented 
as an entangled state 



oo 

\HH) = JJ ^ exp (- — (u; - ^Uei^)) |n, w, q)- ® |n, w, q)+ G J^(7^") ® J^(7^+) , (2.40) 



LO,q n=0 
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The positive/negative frequencies in region lA are defined w.r.t — ^. 



13 



where \n^u},q)± stands for a state with n "KiUing particles" with energy w and charge q. 
Here k is the surface gravity constant characterizing the KiUing horizon at hand and /Uei 
is the electric potential (at the horizon). Restriction of the state ( |2.4C1| ) to a single patch 
U^ (or U~) yields a thermal density matrix characterized by an Hawking temperature 

r=^. (2.41) 



The main assumption in the computation leading to ( p.41| ) is that the horizon is a non 



singular part of space-time. The analog of Har tie- Hawking vacuum ( |2.4C1| ) can be charac- 
terized by the requirement of its invariance under the isometries generated by the Killing 
vector at hand and by the regularity of the scalar field stress-energy tensor on the horizon 
(see e.g. [|9l for a detailed discussion). 



The above considerations, being applied separately to region A or C of the 2-d CBH 
solution, yield Hawking temperatures Ta,c = 2^ , where k,^ ^^ is the surface gravity of 
the outer (for region A) or inner (for region C) horizon. Noting that the Killing vector, 
normalized to have norm one at infinity, is in both regions 

one can read off the surface gravity from the asymptotic expansion of the metric in the 
vicinity of the corresponding horizons: 

Region of type A : —ds^ 

1 .2^.,2 (2.43) 

Region of type C : — t 

k 

One obtains then the same result as in ( p.28|) , as expected. 

The temperatures considered above correspond to the Hawking radiation temperatures 

as measured by asymptotic observers in region A and C. In addition to that, one can 

consider temperatures measured locally by observers moving along Killing vector orbits. 

Those temperatures are obtained by dividing the asymptotic temperatures by the Killing 

vector norm. We then have 

rr ^ = \'^'^!(!)-P'\ , (2.44) 

27rv/^coth(^) 

r^iocai ^ |tanh^(^)-p^| _ 
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0'dy' 


s^ ^ de^ 
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We see that both temperatures characteristicaUy go to infinity on the corresponding hori- 
zons. In addition, in region C the local temperature vanishes on the singularity line. 



In this section we have followed the point of view of [13] in which the boundary 



conditions were set up on the horizon. Note that a situation with a clear separation between 



the Hilbert space two components is considered in |jl^ . A pair of Hilbert spaces of regions 
1 and 1' will be entangled with the Boltzman weight appropriate for the temperature Ta 
( p.28|) . Since regions 1 and 1' are outside the event horizons, while regions 2 and 2' lay 
beyond the inner horizons, a common wisdom would be that the latter regions are not 
involved in the former entanglement. An alternative entangled state could be built out 
of states belonging to the Hilbert spaces of regions 2 and 2' and weighted in that case by 
the Boltzman factor corresponding to the temperature Tc ( p.28|) . Such states may well 



reproduce correlation functions between operators evaluated either only in regions 1 and 
1' or only in regions 2 and 2'. On the other hand, to reproduce mixed correlators such as 
one between an operator inserted in region 1 and another inserted in region 2, one has to 
quantize the field in all regions. An attempt to do this is the subject of the next section. 



3. Quantization of a scalar field in the extended charged BH background 

The discussion in the previous section concerned with the static patches lUl' and 2U2', 
each one considered separately from all other regions in the extended Penrose diagram of 
Fig. 1. In this section we consider a scalar field quantization in the space-time region that 
includes all together regions 1, 1', 2, 2' and II of Fig. 1. These regions, together with region 
III, represent a basic block of the maximally extended space-time (that includes infinitely 
many blocks of the same kind). The space-time region at hand is not globally hyperbolic 
and is not everywhere statict^. We thus have to deal with a rather non-standard situation 
here. We will present two possible approaches to quantization on this space-time. The first 
one follows more closely the common wisdom of canonical quantization in curved space- 
time, while the second one relies on the 5'L(2,IR) structure underlying the model at hand 
and is more string theory inspired. 



Quantization in static non-hyperbolic space-times was recently discussed in a series of papers 
. The rigorous results obtained in those papers do not apply however to our situation. 
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3.1. Quantization 1 



Let us start by outlining the main steps in which we wiU proceed in this subsec- 
tion. First we discuss general features of the quantization on the extended space-time at 
hand: the initial data surface that sets up the first quantized Hilbert space, the canonical 
commutation relations and the way the commutation relations for the field modes can be 
determined. A state, analogous to the Hartle-Hawking vacuum, can be specified by re- 
quiring its invariance under the isometry (generated by ^ ( |2.42|) ) and the regularity of the 
stress-energy tensor expectation value (related to the Hadamard condition [0). Correla- 
tors in such a state will be thermal with temperatures Ta and Tq for operators inserted 
only in the region A or C, respectively. Such a state, if it exists, has to be annihilated by 
certain operator modes. We construct two such operator modes whose commutator, com- 
puted with the help of canonical commutator relations, is a non-vanishing c number. This 
will lead us to the conclusion that a state that would be analogous, in the sense described 
above, to the Hartle-Hawking vacuum for the whole extended space-time at hand does not 
exist. 




Figure 4: Initial data surface for the extended RN space-time. 

To define the first quantized Hilbert space of wave functions one can choose to specify 
the initial data for the Klein-Gordon equation on the asymptotic null-surfaces that have 
no causal past. This singles out the null-lines boldfaced in Fig. 4. We will assume that 
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the corresponding null initial value problem is mathematically well definedc^. We are thus 
exploring the possibility that a general pure state in this extended Hilbert space is of the 
form 

l^) = I]C*jfcH^)2b)l'l^)l|02' , (3.1) 

ijkl 

where, for each A G {1,1', 2, 2'}, the states \i)\ form a complete basis for wave functions 
supported on the part of the initial data surface lying in region A and vanishing on the 
rest of the initial data surface (see Fig. 4). 

Let fi^^i be a complete basis to the space of solutions of the massless Klein- Gordon 
equation in the extended region of space-time at hand (with their initial data specified on 
the disconnected Cauchy surface of Fig. 4). The functions in this basis are labelled by the 
Killing vector eigenvalue w, and an additional parameter / that takes finitely many values. 
In our discussion we are not going to use any specific basis. In appendix B we explain 
how to construct a basis of wave functions which are analytic with respect to the affine 
parameters on the horizons. 

A quantum field in the extended space-time can be expanded as 



I -^0 



oo 



(i){x) = X^ / duja^^if^^i -f- h.c. , (3.2) 



where a^^^i are operators whose commutation relations are to be determined. The canon- 
ically conjugated momentum is an operator n(x,t) = ^/^g^^dt4>{x^t) that should satisfy 
the canonical equal time commutation relation 

[^(xi, t), n(x2, t)] = i5(xi - X2) . (3.3) 

Also, we require that the standard causality assumption holds by which a commutator of 
the quantum field ^(x) with itself vanishes for space-like separated points. 

Let us further introduce three fixed-time slices E^, Ec, E// depicted in Fig. 5. Denote 

(/, ghs = i I dxg''V^{f{x, t)dtg{x, t) - g{x, t)dtf{x, t)) (3.4) 



One of the concerns on the mathematical side is what condition substitutes the usual smooth- 
ness assumption of the initial data when working with disconnected initial data surfaces as in the 
case at hand. Some questions related to the initial value problem in the region containing a sin- 
gularity were considered in [^ , where in particular it was shown that for the initial data specified 
on the past null infinities there is a unique solution to the wave equation defined on both sides of 
the singularity. 
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Figure 5: The fixed-time slices E^, Ec and E//. 

- the Klein-Gordon inner products evaluated on the corresponding slices S G {A, II,C}. 
By canonical commutation relations (|3.3| ) and local causality we have on each slice E5: 



'>J)^sA(t), 



(gJh 



(3.5) 



Noting that a Killing vector eigenmode is fixed by its eigenvalue uj and its value on the 
slices 'Ea and Ec, we see that substituting the expansion (|3.2| ) into ( p.5|) for each slice E^ 
allows one, in principle, to express commutation relations between all of the mode operators 
a^,z, al^i in terms of the inner products (f^^i, /c^',z')ea and (/^,i, fco',i')i:c^ whose explicit 
form depends on the choice of basis at hand. 



In our discussion we rely on theorems proved by Kay and Wald [^ regarding the 
uniqueness of the Hartle-Hawking state in a globally hyperbolic static space-time with 
bifurcated horizons. In the course of the proof an algebraic state is defined as a mapping 
from an algebra of observables to complex numbers, satisfying the necessary properties of 



an average value (see [|2^ for details). In particular, such a definition of a state includes 
pure and mixed states realized in the standard approach to second quantization via the 
Fock space construction. The results of Kay and Wald apply to globally hyperbolic static 
regions with a (single) bifurcated Killing horizon. It is shown in |^1| that if an algebraic 
state is invariant under the isometry (generated by a time-like Killing vector) and if the 
expectation value of the stress-energy tensor in this state is regular on the horizon, then 
this state is a pure state and it is unique. If furthermore there is a discrete isometry relating 
the static patches on the two sides of the horizon, a restriction of the state to one of the 
patches is thermal. It is called the Hartle-Hawking state; we denote the corresponding 
Hartle-Hawking state for regions A and C by \HH)a and \HH)c, respectively. Given 



18 



the space of classical solutions with initial data on a Cauchy surface and a symplectic 
structure one can define a field theory Hilbert space via specifying positive and negative 



frequency wave functions [^^ . The Fock vacuum is a state which is annihilated by all the 
positive frequency modes. The Hartle-Hawking (pure) state is the Fock vacuum where 
positive and negative frequencies are defined with respect to the afRne parameters along 
the (single) bifurcate Killing horizon. Here we describe an attempt to find an analog to the 
Hartle-Hawking state \HH) for the extended CBH background. We start from a general 
pure stateO in an extended Hilbert space 



\HH) 





( \ 


11 


Sr^ r^l (2) (1') (1) (2')m (2)\ 1 (l')\ 1 (1)\ (2')\ 


i 





(3.6) 



where \n\ ')2\n\ )v\ni )i\n\ )2' stands for a state in the Fock space with n^ "^ G IN 
excited modes \i)\. Restricting the state \HH) to the regions of type A (C) of Fig. 4 one 
obtains an algebraic state in these regions. We mark this algebraic state by HH a {HHc)- 
If \HH) is invariant under the isometry and its expected stress-energy tensor is regular 
on the horizons, so is HH a {HHc)- Note that regions A and C are static and globally 
hyperbolic (for the class of initial conditions in region C obtained by setting up the data 
on the past null infinities [|5|). Thus, according to |3^, HHa (HHc) have to be equal to 
\HH) A i\HH)c)- Strictly speaking the theorems of Kay and Wald may not be applicable 
for the region C which has singularities. However, as our first concern is the behavior of 
the stress-energy tensor on the horizons we may restrict our considerations to a globally 
hyperbolic subregion in between the singularities that contains the bifurcation point of the 
horizon. In this subregion the results of Kay and Wald are directly applicable. This means 
that the restriction of \HH) to such a subregion C will be equal to the corresponding 
Hartle-Hawking state \HH)~. In what follows we will not restrict to such a subregion 
although all our arguments apply for such a restriction. 

We see that if we consider a restriction of the field ^(x) to region A its positive fre- 
quency components {4>,guj)i:A^ defined with respect to affine times on the outer horizon, 
have to annihilate \HH). Here g,^ is an arbitrary Killing vector eigenmode that contains 
only positive frequency modes with respect to afRne times on the outer horizon. Analo- 
gously, the operators (^, /ia>)Ec have to annihilate \HH) for any function h^^ comprised 



This assumption is made only for the sake of simplifying the argument; it can be also shown 
to hold for a mixed state. 
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out of positive frequencies which are defined only with respect to afhne times on the inner 
horizon. We are going to demonstrate that these conditions are not mutuaUy compatible 
by constructing two such annihilation operators that commute to a c number. To that 
end let us construct a specific mode F:^{x) that has the property that it consists of pure 
positive affine time frequencies in region A and of pure negative affine time frequencies in 
region C (the affine times being defined on the outer and inner horizons, respectively). 

The state \HH) then has to be annihilated by operators (^, -FDea? (^5-^tj)Ec where 
Fi^ stands for the complex conjugate function and hence contains only positive frequency 
modes with respect to affine times on the inner horizon. The commutator of these two 
operators can be computed as follows. 

First note that by Klein-Gordon norm conservation we have 






{(j), F^)^+ + ((/), F^)s„ + (0, F^)^+ 



(3.7) 






and analogous expressions for other operators. Here X^, Xy stand for asymptotic future 
null-infinities of regions 1 and 1', respectively, and X^, X^ denote the asymptotic past 
null-infinities of regions 2 and 2'; see Fig. 6. 




Figure 6: The null surfaces X^, X^ stand for asymptotic future null-infinities 
of regions 1 and 1', respectively, and X^, X^ denote the asymptotic past null- 
infinities of regions 2 and 2'. 



Since the regions X^, Xy are causally disconnected and disjoint from the regions X^, 
X^, the corresponding restrictions of operators 4>{x,t) and n(x,t) commute. Therefore, by 
( P75| ) and ( ^.71 ) we have 



[(<^, F. 



ojjT.. 



.F^)y,c 
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{F^.F, 



W) " LUJYil 



(3.8) 



The mode F^ can be chosen to be any arbitrary KiUing vector eigenmode in region II, 
in particular it can be chosen in such a way that {F^, F^)t,ii 7^ (an example of such a 
Killing eigenmode is the one which vanishes on the outer horizon of region 1). We conclude 
that the quantity on the right hand side of (^]D is a c number which generically does not 
vanish. This presents an obstruction to the existence of an analog to the Hartle-Hawking 
vacuum (|3.6|) because there cannot be a state simultaneously annihilated by the operators 
((/>,F^)s^ and((/>,F^)Ec-0 

Finally, to build such a function as F^ we start with an arbitrary Killing vector 
eigenmode F^^^ in region II. The values of F^/ are thus specified on the future part of 
the outer horizon and on the past part of the inner horizon. Consider the restrictions 
F^^{Uout)j F^^ (Vout) to the future half of the outer horizon Uout > 0, Vout > 0, where 
Uout, Vout are the affine parameters. The positive frequency extensions of F^^ to the past 



outer horizon then read ||32|| 



^u.[Uout) - i „n.pin_u^ jj^^^ < ^'^■^> 



and 



K{Vout) - I e-Fi^(-K„,) Vout < . ^^-^"^ 

Once the function is specified on all parts of the outer horizon it has a unique extension 
to region A. Analogously, we extend F^j^ to region C, but this time to consist of only 
negative modes with respect to the affine parameters f/^^, Vin on the inner horizon. 

3.2. Quantization 2 

The second approach to quantization of a scalar field in the 2-d CBH background is 
based on the SL{2, IR) structure underlying the model at hand and is more inspired by the 
underlying CFT and string theory. Every mode of the scalar field corresponds to a low lying 
vertex operator in string theory. Vertex operators in — ^ 'J^ — — are vertex operators 
in 5'L(2,IR) x U{1) = AdS^ x U{1) that are invariant under the gauge transformation 
( p.lTp . In string theory we associate different space-time fields with different modes of 
the string (vertex operators) that do not mix under the global symmetry group (which is 
the space-time isometry group). Thus each space-time field is characterized by a unitary 



It should be emphasized that the conclusion is drawn in the framework of semiclassical 
quantization that does not take significantly into account any stringy effects. 
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representation of the global symmetry group. The global symmetry group of the string 
moving on a group manifold is the group itself, in our case it is S'L(2,1R) x U{1). After 
doing a KK reduction along the U{1), gauge invariant vertex operators in SL{2, H) x U{1) 
with different momentum along the U{1) factor give different KK particles. Here however 
we are interested only in the low lying excitations of the KK tower. Thus we are interested 
in the unitary representations of the group SL{2, IR) and the corresponding wave functions 
which we now review. 

Any representation of S'L(2,1R) is characterized by two Casimir eigenvalues j and e. 
The Casimir eigenvalue e takes values in the range [0, 1/2] and describes how the states 
change when we go from one region to another in S'L(2,1R). tB The second Casimir 
eigenvalue j is related to the Laplacian eigenvalue C2 = — J| + Jf + J| as C2 = —j{j + 1) 
(where Ji, J2 and J3 are the generators of SL{2, IR)). For each representation p of SL{2, IR) 
one can define a wave function on the group manifold as f{g) = ('0|p(fi')IV'') where g G 
5'L(2,1R). A complete basis of functions in C^ (S'L(2,1R) j is composed in this way out 
of two types of unitary representations. These two types are discrete representations, for 
which j > —1/2 take real values, and continuous representations, for which j = — 1/2 + 
is, s G IR. In the discrete representations the wave function falls exponentially at infinity 
and describes a normalized excitation of the field which lives far from the boundary. In the 
continuous representations the wave function is delta function normalizable and describes 
a scattering mode. While j has to do with a local behavior of the wave function, e is a 
global characteristic and plays a role only when we go between regions in 5'L(2, IR). 

When we gauge a subgroup inside SL{2, IR) only a gauge invariant subspace of wave 
functions for each representation gives the wave functions on the coset E2I. Note that given 
two waves with the same j, an observer that sits in a single region cannot tell if the waves 
are of the same type (have the same e) or of different types (have different e's). 

After going to the CBH coset, from the point of view of quantization 1, described in 
the previous subsection, picking a specific e corresponds to picking a specific one-to-one 
correlation between the initial data on E^ and the initial data on X^ , T^ (see Fig. 6) . ^ A 



More precisely, if we represent points g G SL{2, M) as we did in ( p. 51 ), ( p.20| ) then e describes 
how the states change from the point g to g ■ ia2 (which is a step along the compact direction of 
S'L(2,]R) that is unwrapped in SL(2,]R)). 

For generic charge the discrete representations do not survive the Euchdean gauging. 

In that case the operators (f){x,t) and Ii{x,t) restricted to X^ ^ I^, and to I2 , T^^' *^° ^°^ 
commute. 

22 



mode characterized by a fixed e that is made from purely positive frequencies with respect 
to the affine parameters along the outer horizon is necessarily made from a mix of positive 
and negative frequencies with respect to the affine parameters along the inner horizon (see 
appendix C for details in the case e = 0). We thus conclude that in the second approach 
to quantization for a given species of waves (characterized by a fixed e) there is no state 
in which one has thermal distributions in regions of type A and C with the corresponding 
temperatures - a would be analog of the Hartle-Hawking vacuum for the whole extended 
space-time at hand does not exist. 

3. 3. Conclusions 



In [^ Kay and Wald proved that the Hartle-Hawking vacuum is the unique vacua 
which is invariant under the isometries and in which the expectation value of the stress- 
energy tensor is regular on the horizon. This leads us to the conclusion that in any Fock 
vacuum of the extended CBH, which is invariant under the isometries, the expectation 
value of the stress-energy tensor diverges at least on one of the horizons. The divergence 
of the stress-energy tensor at a smooth point in space-time means that the energy density 
there is large and a back reaction has to be taken into account already in a vacuum 
state. The singularity is not a smooth part of the background. If a proper analog of the 
Hartle-Hawking vacuum \HH) with a non-singular stress-energy tensor on both of the 
horizons existed, we still would have to study the behavior of the stress-energy tensor on 
the singularities. However, as we showed above, a simple would be Hartle-Hawking state 
does not exist and the stress-energy tensor is already singular at one of the horizons. 

A possible interpretation of this result is the following. Even in a ground state, particle 
creation beyond the event horizon leads to a large back reaction causing a divergent stress- 
energy tensor at the inner horizon. 

4. Cosmology with whiskers 

4.1. Lorentzian Nappi-Witten solution - a review 

A coset CFT which is closely related to the 2-d CBH is the cosmological Nappi- 
Witten background |jT^ . Recently, it was studied in more detail in p,|[ . This background 
is obtained from a coset CFT: 



(5L(2, R) X SU{2)^ I ([/(I) X C/(l)) . (4.1) 
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Let ((71,(72) ^ S'L(2,]R) x SU{2). The non- anomalous U{1) x U{1) group action is chosen 

as 

891 = easgi + (ecos(a) - esin(a))5ficr3 , 

(4.2) 
Sg2 = iea^g2 + (esin(a) + ecos{a))g2ia:i , 

where a is an angular variable analogous to the parameter if) that labels the CBH back- 
grounds. The four-dimensional space-time manifold described by the corresponding gauged 
WZW contains six regions depicted in Fig. 7 (see ^ for details), which are cyclically 
repeated in the maximally extended solution. Two out of these six regions are time- 
dependent and describe a universe evolving from a big bang to a big crunch singularity 
(these regions are marked by the letter C in Fig. 7). The remaining four regions are static, 
contain closed time-like curves and are usually referred to as "whiskers" (marked by 
the letter W in Fig. 7) . In addition to the presence of closed time-like curves the whiskers 
contain a time-like singularity surface called a "domain wall" in |H]. 




Figure 7: Nappi-Witten Cosmology. 

Explicitly the background in a whisker is described as follows. Let us choose a pa- 
rameterization of the corresponding submanifold of 5'L(2, IR) x SU{2) as 
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(this corresponds to the e = e' = 0, d = I region in the notation of 0). Here gi E SL{2, M), 
§2 G SU{2). We choose the gauge fixing condition 7 = /3 = 0. There are no residual gauge 
transformations in this case since 7 and (3 are noncompact. The metric in such a whisker 
can be derived to be 

k 



[def + {de'f + ^A+A+ {d\+f + 9x_x_ (dX-)^ , (4.4) 



9^-^- ,9 .„„u2 



ta-nh^ie) 



9x+\ 
b 



62-tanh^(^)cot2(^') 
5'cot'(6>0 
62-tanh2(6')cot2(6'') ' 
2 1 — sin(a) 



(4.5) 



1 + sin(a) 

Here A± = 7' ± P' have periodicity of 2n. As evident from the form of the metric, shifts 
of the coordinates X± generate two commuting isometries. 

In addition there are nontrivial B-field and dilaton backgrounds 



B 



A+A 



62-tanh^(6')cot2(6'') ^4 gN 

$ =$0 - 1 log(cosh2(6') sin2(6'') - b'^sinh^{e) cos'^{e')) . 

The surface specified by the equation 

b^ -ta.nh^{6)cot^{6') = 

is a curvature singularity to which we refer to as a singular domain wall. 

4-2. Euclidean Nappi-Witten background 

The Euclidean Nappi-Witten background is obtained as follows. Start with the 
5'L(2,1R) X SU{2) WZW model and gauge away one time-like and one space-like U{1) so 
that the remaining space is a four-dimensional Euclidean one. A general non-anomalous 
U{1) X U{1) action of this kind has the form 

6gi =eia2gi + (er7i?72sinh(as) + er7icosh(aE))5fizcr2 , 

(4.7) 
dg2 =ieasg2 + ( £772 cosh («£;) -f- esmh{aE))g2i(r3 ■ 

Here 771,772 = ±1 are discrete parameters corresponding to the axial/ vector choices of 
gaugings on S'L(2,1R) and SU{2), respectively. 
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Let us concentrate on the case where ryi = 1, 772 = — 1- E^ We choose parameterizations 

(4.8) 



g^ ^e'^'^2g9<T3^^Pa2 



Here (7 + (3) is the compact time in S'L(2,]R) that should be unwrapped to obtain the 
universal cover SL{2, IR). We can perform an initial gauge fixing by imposing the condition 
7 = /3 = 0. We obtain the following metric, B-field and dilaton: 



/c 6| + tanh2(6')cot2(6'') 6| + tanh2(6') cot2(6'') ' 

o ^ '^ (4.9) 

^+^- 6| + tanh2(^)cot2(^') ' 

$ = $0 - 1 log(cosh2(^) sin2(^') + 6|;sinh2(^) cos2(^')) , 



where 



bl = coth^ (^) , (4.10) 



and as in (O) X± = 7' ± /3' both have periodicity of 2n, but now in contrast with the 
Minkowski signature case, the coordinate 7 — /3 is compact. It is easy to derive from ( ^4.7| ) 
that the residual gauge transformations preserving 7 + /9 and shifting 7 — /3 by an integer 
multiple of 2n are generated by the shift 

X- ^ X-+2nbE. (4.11) 



Comparing ( ^.9| ) with ( [4.4| ) we see that the domain wall has disappeared. The subspace 
^ = ^' = is singular, it has a trumpet-like curvature singularity. There are also potential 
conical singularities at ^ = 0, ^' = and 9' = n/2 subspaces when the coordinate A_ 
or A-i- shrinks to zero size. The identifications A± ~ A± + 2tt and ( [4.11| ) are precisely 



those needed to avoid those conical singularities. Since the projection with respect to the 
transformations (|4.11| ) happens in addition to the original periodicity of A_ of 2n we see 
that unless the parameter 6^ is rational the coordinate A_ is completely degenerate. 

Another way to see the same effect is by studying the spectrum. An irreducible 
representation of the universal cover of SL{2, IR) x SU{2) is labelled by numbers m, m, j. 



The signs of the r^'s are interchanged by T-duality. 
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m' ,m' ,i' . Even on the universal cover the numbers m, m must satisfy m — m G Z. The 
gauge invariance condition reads 

m + mcosh(aE) + fh'smh{aE) = , 

(4.12) 
m! — msinh(a^) — m cosh.{aE) = . 

From these formulas it is easy to derive 

l + cosh(aE), , M 
m — m = — — [m — m ) . 

sinh(a£;) 
Since rfi' — m' is an integer we see that m — rfi can be a nonzero integer only if 

l + cosh(a£;) ,, /«E\ , 

r-TT ^ = coth I — - 1 =bE 

smh(a£;) V 2 / 

is a rational number. Generically however we have only the zero solution m — rh — that 
describes only zero momentum states. 

The nature of this phenomenon can be tracked down to having a situation when a 
compact torus is quotiented by a U{1) whose position is incommensurate with the torus 
lattice. The corresponding gauge orbit is everywhere dense on the torus and we are left 
with no momenta (except zero) on the quotient. 

In the case when Be is rational the corresponding coset space is a four-dimensional 
Euclidean manifold that can be described as follows. Assume that Be = P/Q where P, 
Q are relatively prime. Then it follows from ( [4.11J ) that A_ has a radius of i and X-/bE 
has a radius of -p. This implies then that the metric { ^.% has an orbifold type conical 
singularities respectively at 6*' = of a deficit angle 2it/Q and at 6* = of a deficit angle 
2tv/P. Thus the only nonsingular case is |6e| = 1 (in that case gauging S'L(2,IR) instead 
of S'L(2,IR) would not add a new identification and we would get the same Euclidean 
geometry) . 

In parallel with our discussion of Euclidean CBH background the Euclidean space 
is obtained from the Lorentzian one ([4.4|) by the following Wick rotation: 



TV 

a -> laE - - , (4.13) 

where we included a shift by — 7r/2 to match the conventions of ( |4.5| ) with ( [4.10| ) (which 
reads b^ — > —b'^). From the point of view of the Wick rotated background the periodicities 
of X± are imposed to avoid conical singularities at ^ = 0, ^' = and 9' = n/2. As in the 
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above discussion of the Euclidean coset, unless \bE\ = 1, the required identifications yield 
a degenerate, efi'ectively three-dimensional spectrum. 

In the asymptotic region ^ — > oo the metric ( [4 .91 ) takes the form 



ds^ 2 /./,/n2 (d^-r blcot^{e'){dX+] 



idey + {der + ^, , /^..^x + 



k ^ ^ V ^ 6| + cot^(6'') bj^ + cot^{6') ' 

which is uniformly bounded in both X± directions. The maximal asymptotic radius of the 
A- direction is 6^ and is achieved at 9' = tc/2 while the maximal asymptotic radius of 
the A+ direction is 6|; which is achieved at 9' = 0. The maximal radii are equal when the 
conical singularities are absent that is when h\ = 1. In the Minkowski signature space one 
of the Killing vectors is time-like. Since in the Euclidean solution the asymptotic values 
of both A_|_ and A_ (Euclidean) directions are bounded this suggests that at 6|; = 1 the 
Euclidean solution defines a vacuum state in the original Minkowski signature space that 
is thermal. The dependence of the asymptotic sizes on 9' presumably can be interpreted 
in terms of the high anisotropy of the outgoing thermal radiation. In the Euclidean space 
both Killing directions are completely on equal footing. Thus it seems likely to us that 
the Euclidean solution defines a vacuum characterized by a canonical distribution in the 
eigenvalues of both Killing vectors -^^ . 

In the above discussion of the Euclidean background we concentrated on a coset ( P^ ) 
with rji = 1, 772 = —1, which is related by the Wick rotation ( [4.13|) to the Minkowski 
signature whisker characterized in the notation of by the values e = e' = 0, 5 = /. Each 
of the pairs of whiskers (1, 3) and (1', 3') is described by the same Euclidean background. 
The whiskers 1 and 1' are related by interchanging A+ with A_ (the same goes for 3 and 3'). 
The Wick rotated background in whiskers 2 and 4 (obtained by the same Wick rotation 
as in (|4.13| )) can also be obtained by considering the Euclidean coset ([4.7|), corresponding 
to the choice 771 = —1, 772 = 1- The two Euclidean cosets are T-dual to each other. The 
corresponding metric, B-field and dilaton are obtained from the ones in ( [4.9|) by the change 
9 -^ m jl — 9. The background in 2' (4') is obtained by the interchange mentioned above. 
The residual gauge transformations for the T-dual Euclidean coset are now generated by 
the shift 

A+ ^ A+ -f 2T{h~^ . 

The two types of the Euclidean whiskers obtained have the same singularity structure 
outlined before. Thus, for irrational 6e they both degenerate. The conical singularities 
are absent only when ^e\ = 1 and the trumpet-like curvature singularity is present for both 
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types. The backgrounds in the regions 1 and 2 (as weU as 3, 4 and in the corresponding 
primed whiskers) are different for a general value of the variable 9. However, for large 
values of that variable and |6e| = 1 they have the same form. This is unlike the generic 
case of the CBH, where the two Euclidean backgrounds have also two different asymptotic 
temperatures. It is more like the case of the extremal CBH. 

To summarize, we see that in distinction with the CBH case the Euclidean coset CFT's 
that are related to the Minkowski signature CFT via Wick rotation demonstrate a certain 
degeneracy or non-smoothness for generic values of the Euclidean mixing angle parameter 
Be- For irrational values of Be one coordinate is degenerate and, classically, the Euclidean 
background degenerates to a three-dimensional one. For a rational &£' 7^ ±1 the resulting 
background is four- dimensional but possesses orbifold-type conical singularities, leading 
to a degenerate spectrum. This situation is very much reminiscent of the situation with 
Euclidean Milne Universe [0. The corresponding space also generically has a conical 
singularity and its spectrum is truncated to zero modes for generic values of a certain 
angular parameter that is analogous to our Be- In addition to those features the Euclidean 
backgrounds for all values of Be also contain a trumpet-like singularity. The last one can 
be potentially removed by the method developed in [|[. We leave this question to a future 
investigation. 
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Appendix A. Euclidean Kerr black hole 

For completeness, we show how one can compute the chemical potential O^ conju- 
gate to angular momentum in a Kerr black hole, in an analogous way to the Euclidean 
computation of /iei for RN. 
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To make the analog more clear we first start by noting that the 2-d CBH is actually a 
Kaluza-Klein (KK) reduction of a 3-d dilatonic rotating black string, where the 2-d gauge 
field is related to the black string angular momentum. In what follows we will show how 
the condition that Aq vanishes at the tip of the Euclidean CBH (ECBH) comes from the 
regularity condition of the Euclidean black string. We then show that the condition for 
the regularity of the Euclidean black string is the same as the one for the Euclidean Kerr 
black hole, and read Qh from the regular Kerr metric. 

The 3-d black string metric in the region of the black string which after the KK 
reduction becomes region A of the CBH is given by 0: 

d,2 ^ ^(^2 _ djl^2pdydx ^^ (A.l) 

COth2(^)-p2 ^ ^ 

where x = x + 2nL. After the KK reduction the 2-d metric, dilaton and gauge field become 
as in (|2.6|) , (|2.9|) . After Euclidean continuation y -^ ir and p -^ —ip, (|A.1| ) becomes c3 



9 ,^9 dr'^ -\- 2pdTdx , , 
coth2(0)+p2 



2 ^ ^q2 "' ^^F^'^-^ ^2 (A.2) 



Near the horizon ^ = of the black string the metric ( [A.l| ) is 

ds^ ~ dO^ + {dx + pO^dr) ^ + e'^dr'^ . (A.3) 

Upon coordinate transformation x = x — ct (which is equivalent to a large gauge transfor- 
mation in the Lorentzian CBH), the same metric is 

ds^ ~ de'^ + {dx + {c + p9^)dT) ^ + e^dr^ . (A.4) 

Now, to have a non-singular metric we compactify the r direction (x, r) = (x, r + 2n). If 
instead we identify (x, r) = (x, r + 2n) then at ^ = we are identifying x = x + 2nL and 
X = X -|- 27rc, where the metric is ds"^ = dO^ -|- dx"^. If L/c is not rational then the geometry 
is singular at ^ = 0. The same singularity is seen in the ECBH. A KK reduction along the 
X direction leads to a singular gauge field at 6* = 0, unless all the charges are quantized in 
units of l/c. Upon the KK reduction along the x direction, we get a regular gauge field 
which supports a non-trivial Wilson loop at infinity. The chemical potential is read from 
this asymptotic Wilson loop. In a Kerr black hole the situation is the same. 



Alternatively, this background is obtained from the Euclidean coset ( |2.17 ). 
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The Kerr metric in four dimensions is given by: 

D 7* t 9 sm 9 

ds^ = -^dr^ f[dt-a sin^ Odcf] + p'^dO^ + -^ [{r^ + a^)d(j) - adt] , (A.5) 

where 

/ = 1_^ + ^, ^2^^2^^2^^32^_ (A.6) 

The horizons are located at (M > \a\): 



r± = M± VM2 - a2 . (A.7) 

The Euchdean metric is obtained by taking t ^ ir and at the same time a — > ia^ : 

dsl = -^dr^ + '^[dT- a^ sin^ ed(j)]^ + p^dO^ + ^^ [{r^ - a^)# + a^dr]'' . (A.8) 
In terms of r = r — r+ the Euchdean metric near the horizon becomes: 

^s^. 7^ ^df^ + -^ ^ \dT - a^ sin^ Odcj)] 

E r{r^ — r-) r^ — a^^ '- -' (A. 9) 

+{rl - al)de^ + sin2 ^(r^ - a^ ) [dcp + ^ndrf , 
where 

^H = 2""" 2 (A-10) 

is the angular velocity at the horizon. This Euclidean geometry is singular at ^ = 0, r = 
since at 6* = (|A.9| ) becomes 

ds' I ~ ^izi-rfr^ + ^-^L+^lI^dT^ . (A.ll) 

B|e=o r(r+-r_) r^ - a^^ 

To smooth out the geometry we compactify the Euclidean time 

T = T^ =T + 2n/3, (A.12) 

K 

where the surface gravity k is given by 



1 /r{rj^ — r-)\ tj^ — T- 



"^il^rf^^l =^S^^. (A.13) 
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Comparing ( |A.2| ) with ( |A.9| ) at r = and ~ 0, we see that in order to avoid a singularity 
at = we should add to ( A.12|) a shift in (/> = (^ + ^ht as follows: 

((^,r) = ((^,r + 27r/?) . (A.14) 

Now asymptotically the metric ( |A.8| ) becomes 

dsl ^dr^ + dT^ + r^de^ + r^ sin^ 9 (d4> -VtudA . (A. 15) 

As in the 3-d black string case, upon the KK reduction along the cj) coordinate we get 
a non-trivial Wilson loop at infinity from which we read off the chemical potential for 
charged particles ^ei = ^h- Before the KK reduction this charged particles are particles 
with momentum along the ^ direction which are particles with angular momentum. We 
learn that in a Kerr black hole the chemical potential conjugate to angular momentum is 
^H, which is by now very well known. 

Appendix B. Relations between modes in different regions 

In this appendix we discuss how to extend wave functions from one region to a basis 
in the extended CBH background, while preserving analyticity with respect to the affine 
parameters on the horizons. This basis of wave functions can be used to bring correlators in 
any state between operators in different regions to a linear combination of correlators where 
all insertions are in the same region with some imaginary shifts. We start by reviewing 
a simpler example of an analogous construction in Rindler space. Rindler space is a flat 
Minkowski space-time as seen by an observer that travels with a constant acceleration. 
Although, as seen by the accelerated observer, there are parts of the space-time which are 
hidden behind horizons, there is noting special happening at those points physics-wise. A 
vacuum state (for example, the Minkowski vacuum) in which there is noting special at 
those points (the expectation value of the stress-energy tensor is everywhere smooth) is 
built out of modes which are locally analytic with respect to any locally flat coordinate 
system (for example, the affine parameter along the bifurcate horizons near the bifurcating 
pint). 




Figure 8: Rindler coordinate patches. 
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Rindler coordinates (r, 77) run from —00 to 00 and cover Minkowski space-time {x, t) 
in four patches (see Fig. 8), 

r ^p±77 or f —r^drf + dr"^ R, L 

x±t = l +„ 7i':i , ds^ = dx^ - dt^ = { (B.i) 

where in regions R and F we have r > and r < in regions P and L. The region R 
is obtained from the region F by a transformation (r, 77) -^ [l^ir, i] ± i^), where the hne 
separating the two regions is invariant. In the same way the region L is obtained from the 
region F by (r, 77) -^ (±zr, i] ± i^). The modes which are focaUy analytic on the horizons 
have their values in the regions L and R obtained from their value in region F by the above 
transformations. 

The situation on each bifurcate horizon of the CBH background is the same. Here we 
parameterize the regions in 5'L(2,1R) correspond to the compact regions of the CBH by 
gjj = e5(^+y)'^3eie<T2gi(z-y)cT3 ^j^gj.g Q ^ [-7r/2,0], [0, 7r/2] , [7r/2, tt] in regions I, II and 

III correspondingly. We fix the gauge by setting z to zero. In that parametrization the 
background fields of regionz I, II and III are obtained from (|2.6|) by taking 9 -^ iO. The 
CBH metric in the {y,6) coordinates (regions 1, 1', I, II) or (y/p^,^) coordinates (regions 
2, 2', II, III) looks locally near the bifurcating points as a Rindler metric and the dilaton is 
approximately constant. The analog of the coordinates a; ± t in the Rindler space are the 
afhne parameters U, V along the horizons. The local coordinates (y, 6) are given in terms 
of the affine parameters by 



_ / (e^ T e-^)sinh(^) 1, V _ j (e^/^ t e'^/^ )sinh(^) 2, 2' 

^^^^^ " I (e^ ± e-y) M9) /, // ' ^^^^^ - \ (e^/p^ ± e"^/^^) cos(^) //, /// 

(B.2) 

Regions 1, 1', 2 and 2' are obtained from region II by £11 

iy±^n/2,T^0) 1 



iy,o) 



II 



{y/p\'K/2-e) 



II 



{y±in/2,±i9) l' 
{y/p'±i'K/2,Tte) 2 

{y/p^ ± z7r/2, ±19) 2' 



(B.3) 



This coordinate transformations descend from the parameterizations of the corresponding 
regions in 5'L(2,]R). 
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Now one can start from any mode in region II and use relations ( |B.3p to define the modes 
in regions 1, 1', 2 and 2'. The global modes one obtains are analytic on the horizon£^. If 
for example one defines a mode in region 1 by the transformation (y, 9)ii — > {y + in/2, ~i9) 
{{y,9)ii —* {y — 111/2,16)) then this mode will be made from purely positive (negative) 
frequencies with respect to the affine parameter Ua- 

If we properly use this modes to quantize the field separately in regions 1 and 1' or 
in regions 2 and 2' we will observe the HH vacuum of those regions. But, as proved in 
subsection (2.3), such a global Fock vacuum does not exist. 

Appendix C. Hartle-Hawking quantization with e = 

In this appendix we give some details regarding the quantization of a scalar field from 
the point of view of section 3.2 (quantization 2). A scalar field at hand is characterized 
by a representation of the parent S'L(2,IR) which is labelled by the Casimir eigenvalues j 
and e. Here we consider only the continuous representations with e = 0. We construct the 
Hartle-Hawking (HH) vacuum in the regions of type A and show that it does not match 
with the analog of the HH vacuum in the regions of type C. We will conclude that for e = 
there is no Fock vacuum in which there is a thermal distribution in regions of type A and 
C with their corresponding temperatures. The generalization for any e is straightforward. 

A basis of wave functions in region 1 which vanish in region 1' and which are eigen- 



functions of the Killing vector ^ in (|2.42| ) with eigenvalue uj is given by 

K_+{\^-j-g) , K_+{-X-2j,-^-2j;j;g)* , (C.l) 

where 

A-^ = -z— , X + ^ = -2j = l-2is . (C.2) 

K±± are matrix elements of the representation characterized by e = and j (the explicit 
form of these matrix elements can be found in pi]), ki is the surface gravity of the outer 



To be more precise, the modes have branch cuts in the complex planes so one has to specify 
exactly how to go from one point to the other. For example the modes in region 1 are obtained 
from a mode in region II by the analytic continuation {6,y){'y) = {Oe^^^'^ ,y + ijTT/2), where 7 is 
a real parameter that runs from to 1. 

34 



horizon and we take w, s > 0. These modes are not orthogonal to each other in the Klein- 
Gordon norm ( p.4| ). An orthogonal basis is given by the following linear combinations of 
the modes ( |C.1| ): 

F+ ocK_:(X,^;j;g)+ ^^ ^(A, 1 - /x) t^_^_x _ 2j^ -^ - 2j;j; gV , 

(C.3) 
These modes are orthogonal since F^-^ vanish at the past null infinity and FJ~2 vanish 
at the past horizon and the Klein-Gordon norm can be calculated at the past infinity of 
region 1. The corresponding images of these modes in region 1' {F~^ and F~2) are given 
by interchanging K |_ and K^ We define the following linear combinations 

H+^ = cosh(<^i)F+, + sinh(<^i)F-, , 
if-, = sinh(</>i)F+, + cosh(</>i)F-, , 

where tanh((/)) = e~'^~ and z = 1, 2. According to [|32| , p!3[1 H^ ^ {H~ ^ have purely positive 
(negative) frequencies with respect to the affine parameters along the bifurcate Killing 
horizon of regions 1 and 1'. After the scalar field is quantized the HH vacuum of regions 
1 and 1' is obtained if we associate an annihilation operator o/^ / to if^^ and a creation 

operator \aljj ) to H~j^ where i — 1,2. In terms of the modes H^ the quantum field (f) 
is given by E3: 

$.(x) = Y. (<,ai+) -f HZ, (ay )^ + h.c.) . (C.5) 

To reproduce an analogous construction in regions 2 and 2' we start with the modes 

K++{\^ji-3-g) , K++i-X-2j,-fi-2j;j;gr , (C.6) 

which are eigenfunctions of the Killing vector with eigenvalues u. These modes form a 
basis of wave functions in region 2' and vanish in region 2. In parallel with ( |G.4|) we obtain 
purely positive (negative) frequency modes H^ ■ (H^ j) relative to the affine parameters 
along the inner horizon. These modes are given by linear combinations of ( |C.6| ) and their 
images 

K..{X,^;j;g) , i^__(-A - 2^, -// - 2j; j; r?)*, (C.7) 



There is no sum over u; since different cj's correspond to different fields. 
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with the thermal factor tanh(^2) = e '^'^ . Here ^2 is the surface gravity of the inner 
horizon. For a given e there is an (e-dependent) non-trivial Bogolubov transformation 
between the modes of regions 1 and 1', and the modes of regions 2 and 2'. To show that 
this Bogolubov transformation is not trivial let us examine a mode 

y+ = cosh((/)i)i^_+ + sinh((/)i)K+_ , (C.8) 

which has purely positive frequencies with respect to the afRne parameters along the outer 
horizon. Let t/ > be the affine parameter along the Killing horizon between regions 2' 
and III, and t/ < the affine parameter along the Killing horizon between regions 2 and 
II. The restrictions of K y and K^ to the horizon are 

K_+(A,//; i; f/)|^<o =^^^S(1 + a* + 2j, -A - a* - mW^' 
K_+{\ ^i-j- C7)|^>o =^^S(A, -A - ^ - 2j)U-'^ 
K+_(A, ^;i; C/)|,<o ~B{\ -A - ^ - 2j)|f/r*- 
K+_ (A, //; i; f/)|^>o =^^(1 + /^ + 2i, -A - // - 2j)t/"'^ 

So0 

Y+{X,^;j;U)^ 

Oi-U)\Ur^ + i^(A, -A - /. - 2,) + e-^i?(l + , + 2,, -A - , - 2,) .^ 

S(l + ;u + 2j, -A - ;u - 2j) + e-^-B{\ -X-^x- 2j) 

(CIO) 

is not analytic on the lower half of the complex U plane and, therefore, it contains also 

negative frequencies with respect to U . We conclude that the Bogolubov transformation 

at hand is not trivial and the corresponding vacuum is not thermal in regions of type C. 



(C.9) 



Here 9{x) is 1 for a; > and otherwise. 
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